The social dynamics of residential solar panel use within a theoretical population are studied using a compartmental model. In this study we consider three solar power options commonly available to consumers: the community block, leasing, and buying. In particular we are interested in studying how social influence affects the dynamics within these compartments. As a result of this research a threshold value is determined, beyond which solar panels persist in the population. In addition, as is standard in this type of study, we perform equilibrium analysis, as well as uncertainty and sensitivity analyses on the threshold value. We also perform uncertainty analysis on the population levels of each compartment. The analysis shows that social influence plays an important role in the adoption of residential solar panels.
Introduction
The rapid growth of population in the United States has produced a sharp rise in the consumption of food, water, and electricity. Based on this increase in the population, governmental authorities are turning to renewable energy sources for solutions [20] . Additionally, private corporations have understood the necessity for clean renewable energy, and have invested time and capital into developing efficient methods of producing electricity from renewable sources, one of the most promising of which is solar energy.
The first solid state solar cell, built in 1883 by Charles Edgar Fritts, successfully demonstrated that sunlight could be used as a viable energy source but was highly inefficient as less than one percent of the absorbed light was transformed into electric current [7] . The technology has advanced, and today photovoltaic solar cells are efficient sources of providing power [8] .
In this study we analyze the complex interactions between households that use solar power and those that do not, specifically at the effects of social influence on these interactions. With more households using solar technology, the population can become less reliant on coal and other "unclean" sources, thus decreasing the emissions of harmful chemicals that cause pollution. We include a framework for study of the significance of government subsidies and the subsequent effects on the system. Our goal is to examine how solar panel adoption is affected by social influence and how the technology can spread across a population over time.
Social Influence Model
The spread of new technologies through populations and the importance of social influence to consumer decision making has been well-documented [2] , [3] , [16] . Furthermore, it has been shown that the amount of influence felt by the individual consumer grows in proportion to the size of the referent peer group [14] . It has also been reported that some consumers buy environmentally conscious products in order to increase social status [11] . Marketers from different industries utilize socially conscious advertisements to capitalize on this behavior [11] . Since rooftop solar panels are a prominent feature on a house, their visibility intensifies the effects of peer interactions [4] . Social influence has been similarly examined in other scenarios, such as predicting voting behavior [9] and the spread of mobile phone technology [13] . We aim to quantify and analyze the impact of this type of social influence on the spread of solar panel technology.
We develop a system of ordinary differential equations that describes the dynamics between electricity consuming households in a theoretical population, as shown in the compartmental model, see Figure 1 . The population is compartmentalized by household according to their primary energy source into a non-solar power class (U ), solar power through a community block (C), solar power through leasing (L), and solar power through buying (Y ) solar panels. We assume that non-users of solar power (the U class) receive their power from coal-fired generation, which currently accounts for more than half of the electricity produced in America [15] . Utility companies operate externally located solar panel farms, from which they transport power to households of subscribers to the community block option. As such, for an extra monthly fee, the community block allows residents the use of clean energy without having to install a rooftop solar panel system. It also allows for households to opt for or out of the program and receive non-solar powered electricity with minimal effort [18] . The meanings of the state variables are summarized in Table 1 . In the proposed model we assume that consumers receive power from only one source and not a combination of compartments. On an aggregate level, this assumption is valid Per capita rate at which households move from community block to non-solar θ 1 Per capita rate at which households move from community block to leasing θ 2 Per capita rate at which households move from leasing to buying θ 3 Per capita rate at which households move from community block to buying α Per capita rate at which households move from buying to community block p, q, r Proportion of households moving from non-solar to community block, leasing, buying, respectively u 0 , c 0 , l 0 , y 0 Initial proportions of population in each class if one considers that, for example, two households receiving 50% solar power and 50% coal power could be thought of as one household receiving 100% solar power and one household receiving 100% coal power. We do not explicitly model differences in economic status or power consumption of consumers, but note that these differences may be reflected in the values of each parameter.
Social influence effectiveness per unit time is denoted by β. The parameters p, q, and r represent the proportion of housheolds that move out of U and into C, L, and Y , respectively. Of the households moving out of U , p represents the proportion that adopt the community block option, q represents the proportion that elect to lease solar panels, and r = 1 − p − q stands for the proportion that decide to buy solar panels. Assuming homogeneous mixing, social influence of solar panel users is represented by
i.e. the influence is dependent on the level of interaction rather than the number of solar panel users with whom households interact [5] . We assume also that each of the solar power user classes equal social pressure on households in U .
Since households in the community block can subscribe and unsubscribe to this option with relative ease, the model includes a flow from C to U at a rate γ, as shown in Figure 1 . Because leasing and buying typically require significant investment of money and a longterm commitment [18] , we assume that the amount of households who move from L to U or from Y to U is negligible, therefore we do not consider them in the model.
We represent the rate of households switching from C to L as θ 1 , the rate from L to Y as θ 2 , and from C to Y as θ 3 . Consumers in the L class sign a contract for a fixed period of time, commonly around 15 years [19] . We assume households will want to avoid penalties associated with breaking the lease agreement, so the flow from L to C is negligible, therefore we do not consider this flow. Lessees may, however, buy out their lease to move into the Y class. Consumers in the Y class own their own solar panels and have very little incentive to enter a lease agreement or stop using solar power entirely. However we assume that a small portion of this population may, for financial reasons, prefer to sell the panels and return to the C class at a rate α. Given our assumptions we consider a time scale of 30 years.
The model reflecting the above dynamics is described as follows:
where N = U + C + L + Y represents the size of the total population, r = 1 − p − q, and the parameter definitions for the model are given in Table 2 . We have made the simplifying assumption that the total population is constant in time and that the population is closed, thus dN dt = 0.
The constant and closed population allows us, for simplicity of analysis, to reduce System 1 to three equations using the substitution
Scaling the population with the following substitutions:
, where u, c, l, y represent the proportion of the total population that are in each of the four classes, we obtain the following equivalent reduced system, on which we do our analysis:
Stability Analysis
System 2 has two equilibria denoted by E 0 , and E 1 :
Non-Solar Equilibrium, E 0
When the system is at E 0 , no households are using solar power, and thus u = 1. Using the next generation operator approach we compute the following threshold value T [5] , [6] :
A detailed procedure of computing T is given in Appendix A. Beyond this threshold value, solar power becomes an established source of residential power use, i.e. T < 1 implies the amount of households using solar panels will taper off over time, but T > 1 implies some nonzero proportion of households using solar power is sustained indefinitely in the population. Intuitively, we claim that when the threshold is crossed, the social pressure of solar panel users is strong enough to influence non-user households to adopt solar technology. The threshold T can be rewritten as
Note that:
In this form, the threshold is grouped into three terms, and its dependence on the model parameters is more directly observable. The first term represents the rate of flow into the leasing class from the non-solar class, and the flow from leasing through the buying class and back into the community class. The second term represents the rate of flow into the buying class from the non-solar class, and from the buying class back into the community class. The third term encompasses both the rate of flow out of the solar classes into the non-solar class, as well as the rates of exchange between the three solar classes. Since all of these terms are positive, if only one of them is greater than one, the entire threshold is greater than one and the population will tend towards the solar classes. We can interpret this to mean that if the flow into any one of the solar classes is greater than the flow out, the use of solar panels will persist in the population.
Solar Equilibrium E 1
At E 2 = (c * , l * , y * ), solar technology persists in the population at some nonzero level, where:
A sufficient condition for the existence of E 1 is β > γ. Using the Routh-Hurwitz criteria, we are able to determine sufficient conditions for the stability of E 1 [5] , shown in Appendix B. When the system is at this equilibrium, solar power becomes established in the population over the course of our time scale. We attempted to find necessary conditions for the stability of E 1 but found that it offered us no practical interpretation.
Parameter Estimation
In order to estimate the strength of social influence β, we use least squares regression estimation and estimate a 95% confidence interval. The data used to estimate the parameter β, shown in Figure 2 is taken from Table 1 of Tracking the Sun [1] . This data documents the number of grid-connected non-utility solar panel installations from 1998 to 2010, which we use as a proxy for the total number of households using solar panels, i. 
Above this threshold, the use of solar panels in the population is sustained over time. As shown in Figure 2 , the growth of solar panel usage is positive, implying T > 1.
Households move from Y to C at a rate α. This movement is primarily made up of households who sell their solar panels and adopt the comunity block option for financial reasons. Associated with such movement are the large time costs of selling used solar panels; therefore α is the smallest parameter in the model. Since unsubscribing from the community block is a relatively easy process, γ, the rate of flow from C to U , is the largest remaining parameter. Buying out a lease agreement is simpler than entering a lease or buying panels for the first time, so we assume θ 2 > θ 1 and θ 2 > θ 3 . Since households who lease solar panels do not receive incentives [18] , we assume that households with the means would rather buy their own panels than enter a lease agreement, so θ 3 ≥ θ 1 . This reasoning yields the relationship β ≥ γ ≥ θ 2 ≥ θ 3 ≥ θ 1 ≥ α. Figure 4 shows that the solar classes approach zero, while implying that the households not currently using solar power (U class) approach 100%, suggesting that over time, solar power cannot be established and that most of the population uses non-solar power in the long term. We note that this behavior is not necessarily realistic, since the behavior shown in Figure 4 is not supported by the data in Figure 2 . This plot in Figure 4 is included in order to show the full range of behavior of the system.
Numerical Analysis

Uncertainty & Sensitivity Analysis on T Uncertainty Cases With T Distribution Information
Cases β Range 
Given the unavailability of comprehensive data that can be applied to our model, there is uncertainty associated with the estimation of the parameters. We perform uncertainty analysis on the threshold T in order to measure the variablilty in the threshold value that is caused by the uncertainty in parameter estimation. As part of the uncertainty analysis we consider each of the parameters β, θ 1 , θ 2 , θ 3 , α, γ as random variables with some probability density function, from which we then construct a frequency distribution for T [17] . In order to understand the effects of the uncertainty on the full system, in particular, the U class, we perform uncertainty analysis on the system represented by System 1.
We use a sample size of 100,000 in our uncertainty analysis. Table 4 describes three possible cases for parameter ranges. We assume a uniform distribution for each of the parameters and assume that α, γ, θ 1 , θ 2 and θ 3 are constant throughout all three cases while varying the range of β. The ordering of parameters β ≥ γ ≥ θ 2 ≥ θ 1 ≥ θ 3 ≥ α remains the same as described in Section 4 and we assume that the true values are contained in the intervals specified in Table 4 .
Case 2 of Table 4 corresponds to the β range estimated in Section 4. Case 1 samples from below this estimated range, and Case 3 samples from above the estimated range. The results of the uncertainty analysis for all three cases show that the threshold T > 1 for a large percentage, 93-100%, of the T distribution. These results show that given the conditions assumed in our model, solar power is likely to become an established source of energy over time.
Local sensitivity analysis on T allows us to measure how sensitive the threshold value is to small changes in its input parameters [10] , [17] . We construct a sensitivity index for each of the parameters that determine T, shown in Table 5 . For each parameter ρ, the sensitivity index S ρ , which represents the normalized change in T caused by a small 
change in ρ [10] , is given by :
7 Uncertainty Analysis on Population Sizes Over Time There is uncertainty associated with the estimation of our parameters. We use a uniform distribution to generate random parameter values and plot solution curves for each set of values. The results can be seen in Figures 5-8 . The U class shows the least amount of variation over time. The point at which its distribution is the widest is around the seven year mark. After that point the solution curves are grouped within the [0, 0.2] interval. The relatively low variation among the 100 iterations of solution curves indicates that the estimates of the U class are fairly reliable given the uncertainty in the parameter estimation.
The solar classes have relatively wide distributions over time, with most of their curves tending toward nonzero levels. Figures 5-8 indicate that variation in the model's parameters has a significant influence on the final distribution among the solar classes, while the non-solar class tends to exhibit similar behavior even for various sets of parameter values. We note also that there is greater variation in the final distributions of L and Y when compared with the variation in the distributions of U and C. This indicates that given the uncertainty in our parameter estimates, the estimates of the size of the non-user and community block classes are likely to be more reliable than the estimates of the leasing or buying classes. We may conclude that accurate estimation of the relevant parameters is of critical importance if this model is to be applied to the design of policy.
Discussion
The widespread use of solar power has significant implications for society at large. The current electrical grid, fragile and overburdened, will benefit tremendously from increased use of solar power. Widespread power outages currently represent a significant cause of economic loss [12] . Since at least some of their energy consumption is covered by a localized source, households with their own solar panels are less reliant on the centralized grid system, so they are not as harshly affected by power outages [21] .
The benefits of solar power will extend to those who do not use it. Households can send the excess power generated by their solar panels back to the utility company, thus reducing the load on the power grid. This also helps in reducing pollution produced from using other power sources such as coal, which currently provides over half of the electricity consumed in the United States [15] . Coal produces high levels of pollution, which has associated economic costs [8] . In addition to environmental harm, medical conditions such as lung cancer and heart attacks, which are leading causes of death in America, have been linked to coal pollution [8] . Solar power is a clean energy source that causes relatively little environmental harm in its production or use [22] . Increased usage of solar power could therefore contribute to a healthier population and possibly even lower death rates in areas where coal is a primary source of power.
We have considered a model in which the environmental concerns of the early adopters and social pressure are the only relevant factors prompting individuals to switch to solar power. It seems logical that any capital put into ad campaigns or incentives would serve to compound the effects of social influence. For very small values of β, there may be a situation in which the threshold is not surpassed, but could be overcome with added effort from authorities and utility providers. After a certain level of the population has adopted the technology, social pressure alone may be enough to sustain the trend. This observation is important to the authorities responsible for making decisions regarding our energy sources. In our simulations, we observed the population of the non-solar class always tended to a small fraction of the total population, but was still subject to a certain amount of variation. Therefore, future study could examine the amount of money spent on maximizing the number of households that adopt solar technology.
Appendix
9.1 Appendix A: Computation of T Using the Next Generation Operator approach, we perform the following steps to calculate T:
From this we obtain:
The product F V −1 yields three eigenvalues, two of which are zero. The threshold value is the largest of these eigenvalues:
Appendix B: Stability of E 1
The characteristic polynomial of the Jacobian at E 1 is given by λ 3 + a 1 λ 2 + a 2 λ + a 3 .
Thus, E 1 is stable if the coefficient of the characteristic polynomial (a 1 , a 2 and a 3 ) satisfty the Routh-Hurwitz criteria with a 1 > 0, a 3 > 0, and a 1 a 2 > a 3 .
That is:
Appendix C: Model with Pollution Effects
We attempted to study the effects of government subsidies and the corresponding response of pollution levels on the existence of solar panels over time. Amount of pollution P is quantified by the following function:
The function is bounded between 0 and 1 where 0 corresponds to the minimum amount of pollution and 1 to the maximum of pollution. For U = 0, P (U ) = 0, which implies that when there are no households using coal, the population produces no pollution. When U = 1, P (U ) = 1, which suggests that when the entire population is using coal, pollution is at the highest possible level. Thus we can view P as the amount of pollution that a population can produce, dependent on the proportion of households using coal. The federal government, in an indirect effort to control pollution, provides subsidies and other incentives to households that buy solar panels. When the level of pollution changes, the government responds by changing the amount of subsidies accordingly. The population's reaction, depending on the direction of the subsidies change, is either for more households to buy solar panels or for less households to buy solar panels. This in turn affects the pollution levels. In order to incorporate this feedback into the model we make β, the rate at which households move into the solar panel classes, dependent on the amount of pollution:
Note that since P = U 2−U , β(P ) = U 2 . The choice of this β function is motivated by the need for a smooth positive increasing function whose first derivative decreases as P approaches 1. We need the first derivative to be decreasing since as the amount of pollution produced increases, we expect that the rate of households switching to solar would increase rapidly at first, and then level off as the amount of pollution reaches saturation.
We represent the amount of subsidies S through the following, as a function of the buyer class Y :
where s represents the average per household amount spent by the government on a subsidy, (1 − p − q)βU (C + L + Y ) is the rate of people flowing from U to Y , and N is the total number of households in the population.
Appendix D: Stochastic Model
In this study we attempted to implement a stochastic version of our model with the Gillespie algorithm. Our motivation for this was to determine a projection for the likely amount of solar users over time given realistic conditions. When the stochastic model was created we found that the output did not give realistic results. We found that in the first time step a majority of non-solar panel households moved into solar classes. This behavior is not realistic since one time step represents one year.
Initially we thought that this behavior was a result of an error in our implementation of the Gillespie algorithm. But after close inspection we found that the rate of households moving from non-solar to solar classes completely dominated the other rates. Also, since we were using a relatively large total population, events occurred very frequently. The combination of these two conditions drive most households from non-solar to solar classes very fast. Therefore, we conclude that there is nothing wrong with our model, or our implementation of the Gillespie algorithm, but that the algorithm is inappropriate to use with our model. For future work we suggest a method that overcomes these obstacles, perhaps a discrete time Markov chain in which the time steps are marked by one year.
